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Abst ract - - In  this paper, a necessary and sufficient condition is given for determining if a uniform 
Timoshenko beam with free ends has an eigenvalue for which there exist two linearly independent 
eigenfunctions. Such eigenvalues are called double. Two examples are given of beams with double 
eigenvalues. The first example gives a physically realistic set of beam parameters which give rise 
to a beam with a double eigenvalue. The second example shows that there exist choices for beam 
parameters which give rise to beams with two double eigenvaiues. 
Keywords--Timoshenko beam, Asymptotic distribution of eigenvalues, Boundary value prob- 
lems. 
Suppose a structural beam is driven by a laterally oscillating sinusoidal force. As the frequency of 
this applied force is varied, the response varies. Experimental frequencies for which the response 
is maximized are called natural frequencies of the beam. We ask the question: if a beam's natural 
frequencies are known, what can be inferred about its bending stiffnesses or its mass density? 
One widely used mathematical model for describing the transverse vibration of beams was 
developed by Timoshenko in the 1920s (see [1,2]). In this model, two coupled partial differential 
equations arise, 
(EICx)x + kAG (wx - ~) - plCtt = 0, 
(kAG (wx - ~b)):~ - pAwtt = P(x ,  t). 
For these equations, the dependent variable w = w(x, t) represents the lateral displacement at 
time t of a cross-section located x units from one end of the beam. ~b = ¢(x, t) is the cross- 
sectional rotation due to bending. E is the modulus of elasticity in tension and compression, 
and G is the modulus of elasticity in shear. The nonuniform distribution of shear stress over 
a cross-section depends on cross-sectional shape. The coefficient k is introduced to account for 
this geometry-dependent distribution of shearing stress. I and A represent cross-sectional inertia 
and area, p is the mass density of the beam per unit length, and P(x ,  t) is an applied force. If 
we suppose the beam is anchored so that the so-called "free-free" boundary conditions hold (i.e., 
shearing forces and moments are assumed to be zero at each end of the beam), then w and 
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must satisfy the following four boundary conditions, 
- ¢ l :=0,L  = 0 ,  = o .  (1) 
After making a standard separation of variables argument, one finds that the Timoshenko dif- 
ferential equations for w and ¢ lead to a coupled system of two second-order o dinary differential 
equations for y(x)  and @(x), 
(E I@x)x + kAG (Yx - ~)  + p2Ip@ = O, 
(kgG (y~ - kO)) x + p2Apy = O. 
(2) 
(3) 
Here, p2 is an eigenvalue parameter. The conditions on w and ¢ in (1) imply y and • must 
satisfy the same free-free boundary conditions. We must have 
Yx - ~I~=O,L = O, kO xlx=O,L = O. (4) 
This boundary value problem for y and • is self-adjoint, which implies that the values of p2 
for which nontrivial solutions to this problem exist, the eigenvalues for this model, are real. 
Furthermore, it is not difficult o show that the collection of all eigenvalues for this problem forms 
a discrete, countable, unbounded set of real nonnegative numbers. Moreover, it can be shown 
that if a is a natural frequency for a beam, then p2 __ (2~ra)2 is one of the beam's eigenvalues. 
Therefore, it is possible to determine igenvalues from natural frequency data obtained in an 
experiment like the one indicated in the opening paragraph. 
Suppose from vibration experiments we have determined a set of natural frequencies for a beam 
with unknown elastic moduli and mass density, and have constructed a sequence of eigenvalues 
from this data. What information can the eigenvalues provide about these unknown material 
parameters? To address this question, we must first ascertain how eigenvalues depend on E, 
I, k, A, G, and p; i.e., we must first derive formulas, written in terms of these parameters, for 
the eigenvalues of the Timoshenko beam. As a first step towards obtaining these formulas, we 
study the multiplicity of eigenvalues of uniform beams. (A beam is uniform when E, I, k, A, 
G, and p are constants.) The capability of deciding when an eigenvalue of a uniform beam has 
exactly one linearly independent eigenfunction is critical to the perturbation argument we will 
use in a later paper to derive asymptotic formulas for eigenvalues ofbeams with variable density. 
Are all eigenvalues of uniform beams imple? That is, for each eigenvalue, is there exactly one 
eigenfunction? Or, for some choice of E, k, G, p, I, and A, is it possible for one eigenvalue to 
have two or more linearly independent eigenfunctions? Although eigenvalues are typically simple, 
we will show that for specific choices of beam parameters, one eigenvalue can have two linearly 
independent eigenfunctions. Eigenvalues which have two linearly independent eigenfunctions will 
be called double igenvalues. We present here a necessary and sufficient condition for determining 
when a uniform beam will have a double eigenvalue. Using this condition, a physically plausible 
example of a beam with a double eigenvalue is constructed. In a second example, a set of beam 
parameters is exhibited which gives rise to a beam with two double eigenvalues. 
A NECESSARY AND SUFF IC IENT CONDIT ION 
FOR EX ISTENCE OF  DOUBLE E IGENVALUES 
We follow the notation given in [3]. When E,  kG, A, I ,  and p are constant, he boundary value 
problem given in (2)-(4) may be written in the following simplified notation. Let 
x 
b 2 PA-4  2 r 2 I E I  =~-~z,p ,  =~-5 ,  and s2= ~ 
kAGL 2" 
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Interpreting a prime (~) as differentiation with respect o (, one can easily show that (2) and (3) 
are equivalent to the differential equations 
yl 
s2~ " -  (1 -b2r2s  2)~+7:0 '  (5) 
and 
y" + b2s2y - LkO t = 0; (6) 
similarly, the four boundary conditions given in (4) may be written as 
v'le=o,1 = 0, (7) 
and 
_ -0  
~=0,1 
By eliminating y or • from (5) or (6), we find that these two second-order quations imply that y 
and ko must satisfy two decoupled fourth-order ordinary differential equations 
yiV +b 2 (r 2 + s2) y , ,_b 2 (1 -b2r2s2)y :O,  (9) 
and 
Oiv + b 2 (r 2 + s 2) ~,, _ b 2 (1 - b2r2s 2) • = 0. (10) 
Coupling between y and • still occurs through the boundary conditions (7) and (8). Define a 
and B as 
[ j( r 2 -t- 82 r2  _ s2  2 a 2 2 + ' 
and 
B = r 2 -t- s 2 2 
~ +  + 
In [3], Huang derives general solutions to equations (9) and (10), valid when b2r2s 2 is not 1 or 0. 
These solutions are 
y = cl cos ba{ + c2 sin ba{ + c3 cos bB{ + c4 sin bB{, 
kl/_- dl sin ba{ + d2 cos ba{ + d3 sin bB{ + d4 cos bB{. 
The ci may be determined in terms of the di by substituting the general solutions for y and q~ 
into the second-order differential equations (5) and (6); y can then be expressed in terms of 
the di. For b ~ 0 or 1/rs, one can then show that solutions to the boundary value problem given 
in (5)-(8) exist if and only if Cd= 0, where d= (dl, d2, d3, d4) r and 
C = 
82 082 I 0 a2 _ s2 0 _s2~ B2 
ba 0 bB 
sin(ba)s2 c°s(ba)s2 sin(bB)s2 c°s(bB)s2 I "  
_ + J 
eos(ba)ba - sin(ba)ba cos(bB)bB - sin(bB)bB / 
(11) 
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THEOREM 1. 
nonzero double eigenvalue i[ and only if there exist positive integers kl and k2 such that 
Suppose # = E /kG = s2/r 2 and X = 4#/(1 + •)2. Then a given beam will have a 
r2 = 2/[(1 + #fir 2] . 
+ k212 _ k22)2~ , (12) 
a double eigenvalue occurs when the scaled eigenvalue parameter b2 = (pAL4/EI)p 2 satisfies 
b2--~Tf4{x([kl Jf- 212-~-k2)2- ([kl-~-k212-k2)2 }. (13) 
REMARK. There may be more that one pair of integers like (kl, k2) which when substituted into 
the right-hand side of (12) give the same value for r 2. Thus, a single beam may have more than 
one double eigenvalue. 
PROOF. The matrix C is row equivalent to 
1 
f l  0 
0 1 0 
0 0 Bb[-¢ sin(ba) + A sin(bB)] 




ab[- cos(ba) -{- cos(bB)] 
ab [ -~ sin(ba) - l sin(bB)] 
B 2 - -  8 2 a 
= - a2 _ s2 and A = ~.  
A double eigenvalue is possible if and only if the null space of this matrix has dimension 2. This 
occurs if and only if the entries in the bottom right 2 x 2 submatrix are equal to zero, which 
can happen if and only if for some positive integers kl and k2, ba = kl~r and bB = kl~r + 2k2~r. 
Equations (12) and (13) are equivalent to these two equations for ba and bB. (For more detail, 
[4].) 
EXAMPLES OF  BEAMS 
WHICH HAVE DOUBLE E IGENVALUES 
We now compute a set of beam parameters which gives rise to a beam with a double eigenvalue. 
Suppose the cross-section ofa beam is in the shape of an annulus with thickness t and outer radius 
+ t/2, and that the beam is constructed ofa homogeneous isotropic material for which Poisson's 
ratio v is 1/3. The moment of inertia I for such a beam is 
( t3) I =/z=a+tl2 [o=2~(zsin(8))2zdzd ~ = Ir o~3t +o~--~ , Jz=~--t/2 J~O 
and its cross-sectional area is A = 21r~t. Next, a formula given in [5] which expresses the 
Timoshenko shape factor k of a thin walled round tube in terms of Poisson's ratio v is used. We 
let 
k = 2(1 + v) 8 
4+3v = I"5" 
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E/G may also be written in terms of v using the well-known formula (see, for example [6]) 
E 8 
= 2(1 + v) -- ~. (14) 
Using the definitions of # and X from Theorem 1, we find that # = 5 and X -- 5/9. From 
equation (4) and the expressions for I and A determined above, we compute 
r 2 -- 
I a2/2 + t2/8 
AL 2 L 2 
Suppose t, the thickness of the beam, is equal to a/50, so that r 2 may be written exclusively in 
terms of a and L. For this value for t, 
r2 = 10,001 a 2 
20,000 L 2" (15) 
Next, we choose the ratio a/L  so that for some pair of positive integers (kl, k2), the right-hand 
side of (15) is equal to the right-hand side of equation (12). Let kl = 1 and k2 = 3; then for this 
example the right-hand side of equation (12) is 
2/[(1 + #)Ir 2] 75 
26841r 2" 
If a and L are chosen so that 
then 
r2 - 10,001 a2 _ 75 
20,000 L 2 2684~r 2' 
c~ 500 ~/161,044,026 .07525, (16) 
L 26,840,671~r 
and Theorem 1 shows that the resulting tubular beam will have a double eigenvalue when 
(6.238" 104. Ol 2 p ~ p2 (pAL4~ p2 = 
= 2684 r4" 
9 
(The uniform mass density p can be any positive value, E can be any elastic modulus satisfy- 
ing (14), and alpha must be chosen so that (16) holds.) The determinant of the matrix given 
in (11) defines a frequency function for the resonant frequencies of the free-free uniform Timo- 
shenko beam. This determinant may be written as 
IC] = 2(1 - cos(ba) cos(bB)) -t- 
(b2r2s2-1) 1/2 
• (b2r 2 (r 2 - s2) 2 -I- 3r 2 - s 2) sin(ba)sin(bB) 
(see [3,4]). The zeros of ICh with the possible exception of b = 1/rs, are proportional to the 
corresponding beam's resonant frequencies. Figure 1 is a plot of [C(b)[/b 2. It shows that, not 
counting zero, and provided b = 1/rs does not define a natural frequency for the beam, the 
eigenvalue defined by equation (16) corresponds to the beam's 7 th natural frequency. (See [4] for 
a discussion of when b = 1/rs defines a resonant frequency.) 
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Figure 1. 
Theorem 1 shows that a beam has a double eigenvalue if and only if there exist positive 
integers kl and k2 such that (12) holds. If kl and k2 are fixed, then r, which amounts to a kind 
of generalized aspect ratio for the beam, and b, the frequency parameter, are fixed too. It is 
natural to ask whether a beam can have two double eigenvalues. This is equivalent o asking 
whether it is possible to select # such that two distinct pairs of integers generate the same r 2 
when substituted into (12). Suppose 
/~ = ~ + v~;  (17) 
then X = 49/65, and the two pairs of integers (kl, k2) = (1, 2) and (kl, k2) = (2, 2) both produce 
the same value for r 2 upon substitution into (12) (r 2 ~ .006481). A beam for which # is as 
indicated in (17) and for which r 2 is given by equation (12) when (kl, k2) is (1, 2) or (2, 2) will 
have at least two double eigenvalues, one double eigenvalue occurring when b 2 is either of the 
values 
9,974.7, 15,345.7. 
k le{1 ,2} ,  k2=2,  
A general scheme to find beams with two double eigenvalues i presented in [4, pp. 41-53]. 
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